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ABSTRACT

In 2013, Mukherje et al. developed the concept of interval-valued intuitionistic fuzzy soft multi set as a
mathematical tool for making descriptions of the objective world more realistic, practical and accurate in
some cases, making it very promising. In this paper we define some operations in interval-valued
intuitionistic fuzzy soft multi set theory and show that the associative, distribution and De Morgan’s type of
results hold in interval-valued intuitionistic fuzzy soft multi set theory for the newly defined operations in
our way. Also, we define the necessity and possibility operations on interval-valued intuitionistic fuzzy soft
multi set theory and study their basic properties and some results.
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1.INTRODUCTION

In recent years vague concepts have been used in different areas such as computer application,
medical applications, information technology, pharmacology, economics and engineering since
the classical mathematics methods are inadequate to solve many complex problems in these areas.
In soft set theory there is no limited condition to the description of objects; so researchers can
choose the form of parameters they need, which greatly simplifies the decision making process
and make the process more efficient in the absence of partial information. Although many
mathematical tools are available for modelling uncertainties such as probability theory, fuzzy set
theory, rough set theory, interval valued mathematics etc, but there are inherent difficulties
associated with each of these techniques. Moreover all these techniques lack in the
parameterization of the tools and hence they could not be applied successfully in tackling
problems especially in areas like economic, environmental and social problems domains. Soft set
theory is standing in a unique way in the sense that it is free from the above difficulties.

In 1999, Molodstov [15] initiated the concept of soft set theory as a mathematical tool for dealing
with uncertainties. Later on Maji et al.[14] presented some new definitions on soft sets such as
subset, union, intersection and complements of soft sets and discussed in details the application of
soft set in decision making problem. Based on the analysis of several operations on soft sets
introduced in [15], Ali et al. [2] presented some new algebraic operations for soft sets and proved
that certain De Morgan’s law holds in soft set theory with respect to these new definitions.
Combining soft sets [15] with fuzzy sets [23] and intuitionistic fuzzy sets [5], Maji et al. defined
fuzzy soft sets [12] and intuitionistic fuzzy soft sets [13], which are rich potential for solving
decision making problems. Basu et al. [9] defined some operation in fuzzy soft set and
intuitionistic fuzzy soft set theory, such as extended intersection, restricted intersection, extended
union and restricted union etc. and Bora et al. [10] presented “AND” and “OR” operators in
intuitionistic fuzzy soft set theory and studied some results on intuitionistic fuzzy soft set theory.
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As a generalization of fuzzy set theory [23], intuitionistic fuzzy set theory [5] and interval-valued
intuitionistic fuzzy set theory [6] makes descriptions of the objective world more realistic,
practical and accurate in some cases, making it very promising. Jiang et al. [11] studied interval-
valued intuitionistic fuzzy soft sets and their properties.

Alkhazaleh and others [[1], [4], [7], [8], [22]] as a generalization of Molodtsov’s soft set,
presented the definition of a soft multi set and its basic operations such as complement, union,
and intersection etc. In 2012, Alkhazaleh and other [3] introduced the concept of fuzzy soft multi
set theory as a generalization of soft multi set theory and studied the application of fuzzy soft
multi set based decision making problems and Mukherjee and Das [18] studied some results on
fuzzy soft multiset theory. Recently, Mukherjee et al. [[19], [21]] constructed the fundamental
theory on soft multi topological spaces and fuzzy soft multi topological spaces. Mukherjee and
Das [[16], [17]] introduced the concepts of intuitionistic fuzzy soft multi sets and studied
intuitionistic fuzzy soft multi topological spaces in details. Also they discussed the applications of
intuitionistic fuzzy soft multi sets in information system. Mukherjee et al. [20] also introduced the
concepts of interval valued intuitionistic fuzzy soft multi sets and studied their relation in details.

In fact all these concepts having a good application in other disciplines and real life problems are
now catching momentum. But, it is seen that all these theories have their own difficulties. In this
paper we have introduced some operations in interval-valued intuitionistic fuzzy soft multi set
theory and show that the associative, distribution and De Morgan’s type of results hold in
interval-valued intuitionistic fuzzy soft multi set theory for the newly defined operations in our
way. Also, we define the necessity and possibility operations on interval-valued intuitionistic
fuzzy soft multi set theory and study their basic properties. Also some new results along with
illustrating examples have been put forward in our work.

2.PRELIMINARY NOTES

In this section, we recall some basic notions in soft set theory, interval valued intuitionistic fuzzy
set theory, interval valued intuitionistic fuzzy soft set theory and interval valued intuitionistic
fuzzy soft multi set theory. Molodstov defined soft set in the following way. Let U be an initial
universe and E be a set of parameters. Let P(U) denotes the power set of U and ACE.

Definition 2.1[15]

A pair (F, A) is called a soft set over U, where F is a mapping given by F: A— P(U). In other
words, soft set over U is a parameterized family of subsets of the universe U.

Definition 2.2[6]

An interval valued intuitionistic fuzzy set A over an universe set U is defined as the object of the
form A={<x, Ua(x), Ya(x)>: xeU}, where ps: U—Int ([0, 1]) and ys: U—Int ([0,1]) are
functions such that the condition: Vxe U, 0 < suppa(x) + supya(x) < 1 is satisfied, where Int
([0,1]) denotes the set of all closed sub intervals of [0,1].

The class of all interval valued intuitionistic fuzzy sets on U is denoted by IVIFS(U).
Definition 2.3 [11]

A pair (F, A) is called an interval valued intuitionistic fuzzy soft set over U, where F is a mapping
given by F: A—IVIFS(U). For any parameter ac A, F(a) can be written as

F(a)= “ c U}

u
(['ulg(a)(u)’lu;/(a)(u)]’[er(a)(u)’vg(a)(u)])
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Definition 2.4[20]
Let {U, :ie I} be a collection of universes such that (1,_, U, =@ and let {E, :ie I} be a collection
IVIFS(U,), E=Il., E, and AcE. A pair (F, A) is called an

interval valued intuitionistic fuzzy soft multi set over U, where F is a mapping given by
F: A—U,suchthat Vae A,

F(a)= - — = ‘ueU, tiiel |-
(L2t 0y ), 1Y ) GOLIVE o ).V ()])
Definition 2.5[20]

Let (F, A) and (G, B) be two interval valued intuitionistic fuzzy soft multisets over U. Then (F,
A) is called an interval valued intuitionistic fuzzy soft multi subset of (G, B) if

of sets of parameters. Let U =[]

iel

(a) Ac Band

(b) Ve, ;€ aq, (eUb o F ) is an interval valued intuitionistic fuzzy subset of (eUb G, ),
i i i Jisd

where a, € A, ke {1,2,3,..,n}, ie {1,2,3,..,m}and je {1,2,3,..,r}. This relationship is
denoted by (F, A) £ (G, B)

Definition 2.6[20]

The complement of an interval valued intuitionistic fuzzy soft multi set (F, A) over U is denoted
by (F,A) and is defined by (F,A)° =(F¢,A), where Vae A,

F(a)= - - “ L - ‘ueU,riiel
([VF(a)(M)’VF(a)(M)]’[/uF(a)(u)’/uF(a)(“)])

Definition 2.7[20]

An interval valued intuitionistic fuzzy soft multiset (F, A) over U is called a null interval valued
intuitionistic fuzzy soft multiset, denoted by (F, A),, , if all the interval valued intuitionistic fuzzy

soft multiset parts of (F, A) equals ¢.
Definition 2.8[20]

An interval valued intuitionistic fuzzy soft multiset (F, A) over U is called an absolute interval

valued intuitionistic fuzzy soft multiset, denoted by (F, A),,, if (eUb, i F ) =U,, Vi.

Definition 2.9[20]

The union of two interval valued intuitionistic fuzzy soft multisets (F, A) and (G, B) over U is an
interval valued intuitionistic fuzzy soft multiset (H, D) where
D=AUB and Vee D,

F(e), if ee A-B
H(e)=1G(e), if ee B—A
U(F(e).G(e)), if e ANB
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Where U(F(e),G(e)) = FeU‘] UGeU‘i Vie{l,2,3,..,m} with U as an interval valued
intuitionistic fuzzy union and is written as (F, A) U (G, B)=(H,D)
Definition 2.10[20]

The intersection of two interval valued intuitionistic fuzzy soft multisets (F, A) and (G, B) over U
is an interval valued intuitionistic fuzzy soft multiset (H, D) where

D=ANB and VYee D,
F(e), if e A—-B
H(e)=1G(e), if ee B—A
N(F(e),G(e)), if ee ANB
where ﬂ(F(e),G(e)) = FEUH N GL)U” Vie{l,2,3,.,n} with M as an interval valued

intuitionistic fuzzy intersection and is written as (F, A) A (G, B)=(H,C)

3.SOME RESULTS ON INTERVAL-VALUED INTUITIONISTIC
FUZZY SOFT MULTI SETS

Definition 3.1

An interval-valued intuitionistic fuzzy soft multi set (¥, A) over U is called an interval valued
intuitionistic fuzzy soft multi subset of an interval valued intuitionistic fuzzy soft multi set (G, B)
if

(a) Ac B and

(b) Vee A, F(e) c G(e) & /‘;@)(’/‘) < ,ué(e)(u),,ug(e)(u) < ﬂgm(“) and Vé(e)(u) > Vé(e)(u),vg(e)(u) 2 Vg(e)(u)
VueU,, i€l and this relationship is denoted by (F,A)& (G, B).

Definition 3.2

The restricted union of two interval-valued intuitionistic fuzzy soft multi sets (F, A) and (G, B)
over U is an interval-valued intuitionistic fuzzy soft multi set (H, C), where C=ANB and

Vee C, H(e)=U(F(e),G(e))

u . . a
_ . - . - —— - —— - uel, el
([max{ﬂp(e)(”),ﬂa(e)(”)}’max{/‘p(e)(”),ﬂa(e)(”)}]’[mn{vF(e)(”)’VG(e)(u)}’nnn{VF(")(u)’VG(")(u)}])
nd is written as (F, A) U (G, B)=(H,C).

Definition 3.3

The restricted intersection of two interval-valued intuitionistic fuzzy soft multi sets (F, A) and (G,
B) over U is an interval-valued intuitionistic fuzzy soft multi set (H, D) where D=ANB and
Vee D, H(e)=N(F(e),G(e))

u
= ueU, riel
({([min{,ufm(u),,uém(u)},nlin{,ugm(u),ﬂg(f)(M)}],[maX{Vt(g)(M),VCL;m(M)},maX{Vij-(f)(M),Vg(ﬂ)(u)}]) } J
and is written as (F, A) Mg (G, B)=(H,D).
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Example 3.4

Let us consider there are two universes U, ={h,h,,h}, U,={c.c,} and let {Ell’EU} be a

collection of sets of decision parameters related to the above universes, where
E, :{eUl,l =expensive, ¢, , =cheap, ¢, ; = wooden}

E, = {3U2,1 = beautiful, ¢, , =model, ¢, ,= sporty},

Let U =T, FS(U,), E=II, E, and

A= {el = (eU],l’eUz,l)’eZ = (eUl,l’eUz,Z)’ES = (eUl,2’eU2,1)} )

B = {el = (eUl,l’eUz,l)’e2 = (eU,,l’eUZ,z)’ezt = (eU,,S’eUZ,Z )}
Suppose that

(F,A)={|¢ h h, hy G c,
’ "11(10.2,0.31,[0.3,0.41) " ([0.4,0.5][0.4,0.51) " (10.8,0.91,[0,0.11) | | ([0.7,0.8],[0.1,0.21) " ([0.4,0.51,[0.3,0.41) [ | |

C.

h hy < 2
[ (10.8,0. 9] [0,0.11)*(10,7,0.81,[0.1,0.2]) ([1,1],[0,0])}’{([0.8,0.8],[0.1,0.1]) ’ ([0.4,0.5][0.3,0.5])}}]’

h Iy G (&)
[ [{ [0 7,0. 8] 0.1,0.2 ) (10.6,0.71,[0.1,0.3]) ’ ([1,1],[0,0])}’{([0.2,0.3],[0.3,0.4]) ’ ([0.4,0.5][0,2,0,3])}]]}’

hy h, G o)
{ ( (104,0. 5][0 3,04]) ([0,7,0.8],[0. 1,0.2]) ’ (10.8,0.8],[0.1,0. l])}’{([0,7,0.8],[0. 1,0.2]) ’ (10.6,0.71,[0. 1,0.3'])}]]7

h h G o)
[ ({ [0.4,0. 5][0 2,0. 5] ([0.8,0.9],[0,0. 1]) ’ ([L 1],[0,0]) }7{([0.4,0.5][0.2,0.3]) ’ ([0.6,0.7],[0. 1,().3])}]]7

e h h I G &)
“11(10.8,0.81,0.1,0.1) " ([0.2,0.31,[0.3,041) " (1,11,[0,01) | | (10.8,0.81,[0.1,0.1) ([0, 7,0.81,[0.1,0.21) | |||

be two interval-valued intuitionistic fuzzy soft multi sets over U, then we have,
). (F, AU (G, B)

=dle, h . h . hy , < , G .
([0.4,0.5],[0.3,0.4]) ([0.7,0.8][0.1,0.2]) ([0.8,0.9],[0,0.1]) ([0.7,0.8],[0.1,0.2]) ([0.6,0.7],[0.1,0.3])

e hy h, hy G &)
"1 1(10.8,0.91,[0,0.11) " (10.8,0.91,[0,0.11) " ([1,11,[0,01) | " | (10.8,0.81,[0.1,0.11) *([0.6,0.71,[0.1,0.3])
(ii). (F, AMx (G, B)

={le. h ’ h ’ hy i G ’ ) ’
(10.2,0.31,[0.3,0.4]) *([0.4,0.5][0.4,0.5]) " ([0.8,0.8],[0.1,0.1]) ([0.7,0.8],[0.1,0.2]) (10.4,0.51,[0.3,0.4])

. h hy I G G
- , , , ,
(10.4,0.51[0.2,0.5]) " (10,7,0.81,[0.1,0.21) " ([1,11,[0,01) | (10.4,0.510.2,0.3]) " ([0.4,0.5][0.3,0.5])
Proposition 3.5 (Associative Laws)

Let (F, A), (G, B) and (H, C) are three interval valued intuitionistic fuzzy soft multi sets over U,
then we have the following properties:

L (F,A) A ((G,B)Ag (H,C)) = ((F,A) P (G,B)) A (H,C)
2. (F,A)0g ((G,B) Uy (H,C)) = ((F,A) Ok (G, B)) U (H,C)
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Proof. 1. Assume that (G,B)F\R (H,C)=(I,D), where D=BNC and Vee D, [(¢)=G(e)NH(e)

u .
=H([mm{ﬂém ().t @00} min g, o), Y max (v 0.V, G0} max (v 0.V, G0 1)
ueU}:iel)

Since (F,4) A, ((G,B)Ay (H,C)) = (F,A) A, (I, D)» We suppose that (r 4y~ (1,0)=(k,m) Where
M=AND=ANBNC and Vee M,

K(e)=F(e)nI(e)=| { ——————:ueU,t:iel
(e) ey I(e) [{(ﬂ,{(e)(u),vkm(u)) ue U, :ie

where f,, () = [min{ g ., (), 17, )}, min {4, @), 157, )}

=[min{ et (). min{ul (). pify o, )} min{ ) o) min {ud ). p1l o )]
= [min {1}, (). 50, (). p1fy o )} min { ) (). 25, (). 2l ()]

and v, (w) = [max{v,,@),v}, @}, max {v}, ).}, @}

=[max{vf, ).max{vi, 0).vh, @} max {v? ). max{ve, @).vh, @}

=[max {Vfw(u),Véw(u),V‘fW)(u)},max {Vgu)(u),vgw(u),vz(f)(u)}].

Suppose that (F,A) A, (G,B)=(J,N), where N=ANB and Vee N,

J(e)=F(e)nG(e) = HM“G U,}:ie IJ
My () = [mjn{,u;(e)(u),ﬂé(e)(u)} ’ mjn{,ug(e)(u),,ug(e)(u)}],
Vy o) =[max{vi, w).ve, @} max{vy, w).ve, @}
Since ((F,A) A (G, B)) A\, (H,C) = (J,N)A (H,C), We suppose that (j,N)A, (H,C)=(0,N nC) Where

Vee NNC=ANBNC, O@)=J()nH@O=]]  w | .,
(ﬂ()(B)(M),VO(B)(u))

Hoq () = [min{ g2, o), gty ., ()}, min {2, (), ., )}
= [min{min {au;(g) (w), ﬂé(e) (u)} > luILi(e) (”)} ) min{min {:ulF/(e) (u), ,Ugm (u)} ) :UZ(L') (“)}]

= [min{ paf ). 110, ), phgy o, )} omin gl ), 1, (@), 1y 1= fe,, (1)
and
Vo, ) =[max{v,, ).vi ., @} max{v], @).vy . @}

= [max {max {Vé(e) (u),Vé(e) (u)} ,me) (u)} ,max {max {Vg@) (”)7‘/([;/@) (u)} ,VZ(L,) (u)}]

= [max {V;(E) (u),vé@)(u),v,ﬁ(g)(u)}, max {Vﬁrl@)(”)»"g@) )V (”)}] =V @)
Consequently, K and O are the same operators. Thus
(F,A) " ((G.B) "y (H,C)) =((F. A) "\ (G, B)) Mg (H,C).

The proof of (2) is similar to that of (1).

Proposition 3.5 (Distributive Laws)

Let (F, A), (G, B) and (H, C) are three interval valued intuitionistic fuzzy soft multi sets over U,
then we have the following properties:
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M. (F, AU, ((G.B)Y"g (H,O))=((F,A) Uy (G, B)) g (F,A) Oy (H,C))
2). (F, AN ((G,B) Oy (H,0))=((F,A) "\, (G, B)) Uy ((F,A) A\ (H,0))

Proof. (1). Assume that (G,B)A, (H,C)=(I,D), where D=BNC and Vee D,
1(e)=G(e)N H(e)

u
:H([min{uém (0): 50} i {45 00485 GO Emax {1 @0 @0 max {1,000V )
ueU}:iel)
Since (F,4) Uy, (G, B)A, (H,C)) = (F,A) Uy (1, D) » We suppose that (F, 4) O, (1, D) =(K, M) Where
M=AND=ANBNC and VYee M,

u
K(e)=F(e)ul(e)=| { ———————:ueU, t:iel
(e)=F(e)ul(e) H(ﬂm)(”)"’xm(u)) ue ,} ie ]

where fhy.,, ) =[max {5, ), iy, @} max{g , @), i, )}
= tmax {15, (), min {25, ). 5, ()} max { ., ), min {4, ), g, )}
= [min {max {f,, ), ., )}, max{ ek, ), g1y, 0}

min{max {7, (), ., )}, max{uf, @), 1, )}
and vy, ) =min{vf,, @),vf, @} min{vy, @.v}, @}
=min {Vf,,, (@), max {vé ., @).vh @} min {v @), max {vE,, @).vh, @)}
= [max{min{v, ).vt, @}min{vE, .k, @}

max{min{vY, ).v5,, @}.min{vZ, @).vh, @}

Suppose that (F,A) O, (G, B)=(J,N), where N=ANB and Vee N,

J(e)= F(e)uG(e)=[{(ﬂ(u)uv(u)):ue U,}:ie 1]
J(e) 2V J(e)

My () = [maX{,uﬁ(g) (u)’ll'lé((’) (M)} ) max{ﬂg(o(l")’ﬂg(e)(l")}]’

V, o @) =[min{vi, @).vé, @} min{vy @).v, @}

Again, let (F,A) Uy (H,C)=(S,T), where T=ANC and VeeT,

u
S(e)=F He)={{—mm: U . riiel
et H(usw)(u),vm)(u)) . } - ]

My, (u) =[max {/’lfl‘:(e) (u), /’llLi((’) (”)} , max {ﬂg(@ (), ﬂZ(g) (”)}]’

Vo, ) =[min{vi, @).vh @} min{vy, @),y @}

Since ((F,A) Uy (G, B)) A\ ((F,A) Uy (H,C))=(J,N) A (S,T) » We suppose that
(J,N)A, (8, T)=(0,NNT) where Yee NnT=AnBNC,

Ol@=JenSe=|)___"* . ylier
(How 0o @)
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Hooy @) =min{ 2y, ()., 5, )} min{ g2}, ). p15,, ()}
= fmin {max {4, (o), 4, O} max{pf, ), 1, O},

min {max {12, ). 15, o)} max { e, ). 1 ) O} = oy (10)
and

Voo @) =[max{v}, ).vh @}, max{v,, .V @}
=[max {min {V;(e) (u), Vé(e) (u)} ,min {VlFl(e) (u), Vg(e) (u)}} ,

max {min {V;(e) (n), V,f,(e) (u)} ,min {lej(e) (n), VZ(E) (u)}}] =Vee (u)

Consequently, K and O are the same operators. Thus
(F,A) M ((G,BYA, (H,0))=((F,A) N (G,B)) Ny (H,C).

The proof of (2) is similar to that of (1).

Proposition 3.6 (De Morgan Laws)

For two interval-valued intuitionistic fuzzy soft multi sets (F, A) and (G, B) over U, then we have
(1. ((F, Ak (G, B)) =(F, A " (G, B
(21. ((F, A", (G, B)) =(F, A Uy (G, B

Proof. [1]. Let (F, A)O, (G, B)=(H,C), where C=ANB and Vee C,
H(e)=U(F(e),G(e))=

u .
H (tmax {pef ). sy ) }omax { ) 1 @) Y Imin {v f ). vE o} min{vY a0.vE, })

ueU}:iel). Thus ((F, A)Og (G, B)) =(H,C)" =(H*,C), where C=ANB and Vee C,
H(e) =

u
[{([min{v;(m(u),vé(“)(u)},min {V(F/(“)(u),vg(m(u)}],[max{,ué(“)(u),,uém(u)},max {,ug(m(u),,ug(“)(u)}]).
ueU,}:ie I)A Again, (F, A)"FNNR (G, B =(K,D),where D=ANB and Vee D,
K(e)=N(F(e),G(e))=

Y
u .
H (tmin {v 0y @.¥ g1y @0} min {7 0¥y @R max {atf i (0, 15 0y 0} max o, (), 160 D)
ueU,}:iel).
e see that C=D and Vee C, H"(¢) = K(e) . Hence the result.
The other can be proved similarly.

Definition 3.7

The extended union of two interval-valued intuitionistic fuzzy soft multi sets (F, A) and (G, B)
over U is an intuitionistic fuzzy soft multi set (H, D), where D=AuUB and Vee D,

F(e), if ee A—B
H(e)=1G(e), if ee B—A
U(F(e).G(e)), if ee ANB,

u
where U(F(0),G(e)) =| 477 ———————<:ueU; riel
ere U(F(e).G(e)) [{(ﬂH(@)(”)’Vﬂ(ﬂ)(u)) N I} - ]
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:uH(g)(”) = [max{,u;‘(a) (“)’,U(Ly(a)(”)} > max{ﬂg(a)(”)’ﬂg(a)(“)}]
and v, (u) =[min {Vﬁ(a)(u), Vé(a)(u)} ,min {Vg(a) (u),Vg(a)(u)}]

and is written as (F, A)U, (G, B)=(H,D).

Definition 3.8
The extended intersection of two interval-valued intuitionistic fuzzy soft multi sets (F, A) and (G,
B) over U is an intuitionistic fuzzy soft multi set (H, D), where D=AUB and Vee D,
F(e), if ee A-B
H(e)={G(e), if ec B—A
N(F(e),G(e)), if ee ANB

where N(F(e),G(e)) = “ ueU, riiel

(IUH(e) (”)’VHM(”))
Hy o (u) =[max {ﬂl{:(a) (u)nu(L;(a) (u)} s maX{,ug(a) (u)nug(a) (u)}] and

Vi ) =[min{vi , @).vE, @}, min{vy , @).ve,, @}

and is written as (F, A)A\, (G, B)=(H,D).

Example 3.9

If we consider two fuzzy soft multi sets (F, A) and (G, B) as in example 3.15, then we have

(0. (F, A)QE (G. B)

h, hy < Lo
{[ (10.4,0. 5J [o 3,0.41)"(10.7,0.8][0.1,0.2]) ([0.8,09],[0,0.1])}’{([0.7,0.8],[0.1,0.2])’ ([0.6,07],[01,03])}]]’

h, hy c c,
[0 8,0. 9J [0,0.1])° ([0‘8,0.9J,[0,0‘1J)’([1,1],[0,0])}’{([0.8,08],[0.1,0.1])’ ([0.6,0.7J,[0‘1,0‘3J)}D’

hZ h3 Cl CZ
[ [ [0.7,0. 8] [0 1,0.21) ([0.6,0.7],[0.1,0.31)’([1,1],[0,0])}‘{([0.2,0.3],[0.3,0.4])‘([0.4,0.5][0.2,0.3])}]]

h, h, [ c,
([0.8,0.81, 0 1,0. l]) ([0.2,0.3],[0.3,0.4])'([l,l],[0,0])}’{([0.8,0.8],[0.1,0.1]) (10,7,0.81,[0.1,0. 2])} ]}
(ii). (F, A)ﬂ (G, B)

hZ h3 cl CZ
{ (10.2,0.3] [o 3,0.41)7([0.4,0.51[0.4,0.5]) ([0.8,0.8],[0.1,0.1])}'{([0‘7,0‘8],[0‘1,0‘2]) ’ ([0‘4,0.5],[0.3,0‘4])}]]’

hZ h3 (,'1 (,'2
[ [ (10.4,0. 5] 0 2,0.51)° ([0,7,0.8],[0.1,0.2])’([1,1],[0,0])}’{([0.4,0.5][0.2,0.3])’([0.4,0.5][0.3,0.5])}]]’
h, hy < <
[0 7,0. 8] [0 1,0.21)(10.6,0.71,[0.1,0.3]) " ([1,11,[0,01) | "| (10.2,0.31,[0.3,0.4]) " ([0.4,0.5][0.2,0.3]) '

e h hy hy < <

“1 1(10.8,0.81,[0.1,0.11) " (0.2,0.31,[0.3,0.41) " ([1,11,[0,01) | " | ([0.8,0.81,[0.1,0.11) " ([0,7,0.81,[0.1,0.21) ’
Proposition 3.10 (Associative Laws)
Let (F, A), (G, B) and (H, C) are three interval-valued intuitionistic fuzzy soft multi sets over U,
then we have the following properties:

1. (F,A) 0, ((G.B) U, (H,C))=((F,A) Oy (G,B)) Uy, (H,C)
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2. (F,AA, (G, B)YA, (H,C))=((F,A) A, (G,B)) A (H,C)

Proof. In the following, we shell prove (1); (2) is proved analogously.
1. Suppose that (G,B) U, (H,C)=(I,D), where D=BUC and Vee D,
G(e), if ee B-C
I(e)=yH(e), if eeC-B
U(G(e),H(e)), if ee BNC,
Since (F,4) 0, (G, B) Oy, (H,C))=(F,A)O,, (I,D)» We suppose that (r, 4O, (1,D)=(J,m) Where
M=AuD=AUBUC and VYee M,

G(e), if ee B—-C—A
H(e), if eeC—B-A
F(e), if eec A~B-C
J(e)=1U(G(e),H(e)), if ee BNC—A,
U(F(e).H(e)), if ee ANC—B,
U(G(e), F(e)), if ee ANB-C,
U(F(e),G(e),H(e)), if ee ANBNC,

Assume that (F,A) U, (G,B)=(K,S), where S=AUB and Vee S,

F(e), if ee A-B
K(e)=1G(e), if ee B—A
U(F(e),G(e)), if e ANB,

Since ((F,4)0, (G,B)) Uy (H,C)=(K,S)U,, (H,C)» We suppose that (k,$)0, (H,C)=(L,T) Where
T=SuUC=AUBUC and VeeT,

G(e), if ee B—-C—A
H(e), if eeC—B-A
F(e), if ee A—-B-C
L(e)=1U(G(e),H(e)), if ee BNC—A,
U(F(e),H(e)), if ee ANC—-B,
U(Gle), F(e)), if ee ANB-C,
U(F(e),Gle),H(e)), if ee ANBNC,

Therefore it is clear that M =T and Vee M, J(e)= L(e), thatis J and L are the same operators.
Thus (F,A) U, ((G,B) Oy (H,C))=((F,A) Uy (G,B)) Uy (H,C) -

Proposition 3.10 (Distributive Laws)

Let (F, A), (G, B) and (H, C) are three interval-valued intuitionistic fuzzy soft multi sets over U,
then we have the following properties:

M. (F,AA ((G.B) Uy (H,C))=((F, AN (G,B)) Uy ((F, A A (H,C))
2). (F,A) 0. ((G,BA (H,O))=((F,A U, (G,B)) A"\ ((F,A) g (H,0))

10
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Proof. In the following, we shell prove (1) and (2) is proved analogously.
(1). Suppose that (G,B) U, (H,C)=(1,D), where D=BUC and Vee D,
Gle), if ee B—-C
I(e)=<H(e), if eeC—-B
U(G(e),H(e)), if ee BNC,

Since (F,4)A, ((G,B) U, (H,C))=(F, A, (I,D)» We suppose that (r, o)A, (1,0)=(7,m) Where
M=AuD=AUBUC and VYee M,

G(e), if eeB—C—A
H(e), if ecC—B-A
F(e), if ec A~B-C
J(e)=1U(G(e), H(e)), if ee BNC—A,
N(F(e).H(e)), if ee ANC—B,
N(F(e).G(e)), if ee AMB—-C,
N(F(e).U(Gle),H(e))), if ee ANBNC,

Assume that (F,A)A\, (G,B)=(K,S), where S=AUB and Vee S,

F(e), if ee A-B
K(e)=1G(e), if ee B—A
n(F(e),G(e)), if e ANB,

and (F,A)", (H,C)=(N,T), where T=AUC and VeeT,

F(e), if ecA-C
N(e)=1H/(e), if eeC-A
N(F(e).H(e)), if ee ANC,

Since ((F,A)A, (G, B)) U ((F,A)A, (H,C))=(K,S) U, (N,T), We suppose that (x,§)0, (N, T)=(
where P=SUT=(AUB)U(AUC)=AUBUC and Vee P,

Gle), if eeB—C—A

H (e), if eeC—B—-A

F(e), if ee A—-B—C
0(e)=1U(G(e),H(e)), if ee BNC—A,

N(F(e).H(e)), if ee ANC—B,

N(F(e).G(e)), if ee ANB-C,

N(F(e).U(Gle),H(e))), if ee ANBNC,

Therefore it is clear that M =P and Vee M, J(e)=0O(e), thatis “J” and “O” are the same
operators. Thus (r, 4) A, ((G,B) O, (H,C))=((F,A) A, (G,B)) U ((F,A)A (H,C))-

Proposition 3.11

=(0,P)

For two interval-valued intuitionistic fuzzy soft multi sets (F, A) and (G, B) over U, then we have

L. ((F, A0, (G, B)) &(F, A U, (G, BY
2. (F, A", (G, BY £((F, AN (G, B))

11
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Proof. 1. Let (F, A)O, (G, B)=(H,C), where C=AUB and Vee C,

F(e), if ee A—B
H(e)=1G(e), if ee B—A
U(F(e),G(e)), if ee ANB,
where U(F(e),G(e)) =
u

(Imax {a2f 0 @0), s ()} max {2, ), 18, O} Emin v @), Vi, (00} min {VE ), 08, (0)}1)

ueU}:iel).
Thus ((F, A) O, (G, B))" =(H,C) =(H*,C), where C=AUB and Vee C,
F<(e), if e A—B
H (e)=1G(e), if ee B—A

(U(F(e),G(e)))', if ee ANB,
where (U(F(e),G(e))) =

u

(tmin v}, ).V, @} min{vy, 0).v5, @} max{ g, (), g6, @} max{ gl ). 1, )})

ueU}iel).

Again, (F, Ay O, (G, BY =(F°, AU, (G, B)=(K,D). Where D=AUB and Vee D,
Fe(e), if ec A-B
K(e)=1G"(e), if e B—A
U(F‘(e).G°(e)), if e ANB,

where U (Fc(e),G‘(e))z

u .
H([max i ve o @lmax {vi @), @R min {uf, ), ub,, @} min{ul, @), 4, @})
ueU}iiel).
We see that C=D and Vee C, H(e) = K(e). Thus ((F, A)U, (G, B))" & (F, A) U, (G, B) -
The other can be proved similarly.
Proposition 3.12

For two interval-valued intuitionistic fuzzy soft multi sets (F, A) and (G, B) over U, then we have
L ((F. A0k (G, B)) E(F, A Ok (G, BY

2. (F, A " (G, BY &((F, AP, (G, B))
3. ((F, A, (G, B)) c(F, A U, (G, BY
4. (F, A", (G, BY c((F, AU, G, B))

Proof. Straight forward

12
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Proposition 3.13 (De Morgan Laws)
For two interval-valued intuitionistic fuzzy soft multi sets (F, A) and (G, B) over U, then we have
L. ((F, A0, (G, B)) =(F, A A\, (G, BY
2. ((F, AP (G, B)) =(F, A U, (G, B
Proof. 1. Let (F, AU, (G, B)=(H,0), where C=AUB and Vee C,
F(e), if ee A—B
H(e)=1G(e), if ee B—A
U(F(e),G(e)), if ec ANB
where U(F(e),G(e)) =

u
{([max{/‘;w)(”)’ﬂé(a)(”)}’max{/“‘g(a)(”)’ﬂg(a)(”)}]’ [nﬂn{vﬁ(m(”)"/é(a)(”)}’nﬂn{v;/(a>(”)’vg(a>(”)}])
iueU}iiel).

Thus ((F, A)O, (G, B)) =(H,C)" =(H*,C), where Vee C,
F°(e), if ee A-B
H (e)=1G"(e), if ee B=A
(U(F(e).G())', if ec AnB,
where (U(F(e).G(e))) =

u

{([mi“{Vﬁm)(u),v(?w(u)},min{vim(u%v(?m(u>}l, max {af , (), pd, ) }omax {0, 18, 0}1)
cue U }riel).
Again, (F, A A\, (G, BY =(F°, AN, (G, B)=(K,D). Where D=AUB and Vee D,

F*(e), if e A—B

K(e)=1G"(e), if e B—A

U(F°(e).G(e)), if ec ANB,

where U(F“(e),G“(e)):

u
H([min{vém)<u>,vém<u>},min{v?m)<u>,v5(a)<u>}],[max (ko o @0} max{aaf 0, 1, 0})
ueU}:iel).
We see that C=D and Vee C, H(e) = K(e). Thus ((F, ATy G, B))" =(F, A A, (G, B) -
The other can be proved similar

Definition 3.14

If (F, A) and (G, B) be two interval-valued intuitionistic fuzzy soft multi sets over U, then
"(F,A) AND (G,B)" is an interval-valued intuitionistic fuzzy soft multi set denoted by

(F,A)A(G,B) and is defined by (F,A)A(G,B)=(H,AxB),where H is mapping given by H:

AxB—U and V(a.b)e AXB, H(a,b)=(F(a),G(b))= (Iu (u)uv (u)) = Ui}:ie IJ,
H(ab) >" H(ab)

13
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where ,UH(a,h)(”) = [Hlin{:ué(a)(”),ﬂé(h)(”)} > min{ﬂg(a) (”)’/Ug(h) (”)}]

and vy, ) =[max{vi, @).v, @} max{vy  @).ve, @}

Definition 3.15

If (F, A) and (G, B) be two interval-valued intuitionistic fuzzy soft multi sets over U, then
"(F,A) OR (G,B)" is an interval-valued intuitionistic fuzzy soft multi set denoted by (F,A)v(G,B)

and is defined by (F,A)v(G,B)=(K,AxB), where K is mapping given by K: AXB—U and

V(a,b)eAxB,K(a,b):U(F(a),G(b)):H(ﬂ (u)uv (u));ueUt}:iel],
K(a,b) >V K(a,b)

where f, , (u) =[max {tu;(a) (u), :u(L:(h) (”)} »max {ﬂg(a) (u)’:ug(h) (”)}]

and Vg, (u)=[min {Vﬁ(a)(u),vé(h)(u)},min {Vg(a)(u),vg(h)(u)}]
Example 3.16

Let us consider there are two universes U, ={h,h,,h}, U,={c,c,} and let {EU JE, } be a
collection of sets of decision parameters related to the above universes, where
E, = {eul_l =expensive, ¢, , =cheap, ¢, ;= wooden}
E, = {eUzyl = beautiful, ¢, , =model, ¢, ,= sporty},
Let U=ITI, FS(U,), E=II_ E, and

A= {el = (eUl,l’eUz,l)’e3 = (eUl,z’eUZ,l)}’ B = {el = (eU,,l’eUz,l)’e4 = (eU|,3’eU2,2)}‘
Suppose that

(F.A)=1| e hy h, hy G &)
' "1 1(102,0.31,[0.3,0.4]) " ([0.4,0.5][0.4,0.5]) " ([0.8,0.91,[0,0.1]) | | ([0.7,0.8],[0.1,0.2]) " ({0-4,0.51,[0.3,04]) | | |

e h h, hy G &)
“11([0.7,0.8].[0.1,0.21) " (10.6,0.71,[0.1,0.3]) " (11,11,[0,01) | "| (10.2,0.31,[0.3,0.41) " ([0.4,0.5][0.2,0.3]) ’

(G.B)={| ¢ hy hy hy G &)
’ "1 1(10.4,0.51(0.3,0.41) " (10,7,0.81,[0.1,0.21) *(10.8,0.8],[0.1,0.11) | "| ([0,7,0.81,[0.1,0.21) " ([0.6,0.71,[0.1,0.31) | | |’

hy h, hy &

1 [
[64’[{([0.8,0.8],[0.1,0.1]) ’(10.2,0.31,[0.3,0.4])” ([1,1],[0,0])}’{([0.8,0.8],[0.1,0.1]) ’ ([O,7,0.8],[0.1,0.2])}}}’

be two interval-valued intuitionistic fuzzy soft multi sets over U, then we have,
). (F.A)A(G.B)

a
=1 (e.e), B . ! , hy . ! , & ,
(10.2,0.31.10.3,0.41) (0.4,0.51[0.4,0.5]) " (10.8,0.81,[0.1,0.11) | | ([0.7.0.8].[0.1,0.21) (10.4,0.51,0.3,0.4])

(61’64)’

h h, hy G ¢y
(10.2,0.31,[0.3,0.41) " (10.2,0.31[0.4,0.5]) " (10.8,0.91,[0,0. 1])}’{([0.7,0.8],[0.1,0.2]) "([0.4,0.51,[0.3, 0.4])}]}’

h,

1 hy hy < [
[(63’61 )H (10.4,0.51(0.3,0.4]) " (10.6,0.71,[0.1,0.31) " (10.8,0.81,[0.1,0. 1])}’{([0.2, 0.31,[0.3,0.41) " ([0.4,0.51[0.2,0.3]) H]

e,e,),
(e5.¢)

h h, hy < <
([0.7.0.8].10.1,0.21) " (10.2,0.31,[0.3,0.41) " ([L.11, [0,0])}’{([0.2, 0.31,[0.3,0.41) " ([0.4,0.5][0.2, 0.3])}]]}

nd
14
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). (F, A)

{ (el el
h, hy c c,

[(61 <) [ (0.8,0. 8] 01,0, 1)’ ([0.4,0.5]{0.4,0.5])’([1,1],i0,0])}’{([0.8,0.8],[0.1,0.1])’([0,7,0.8],[0.1,0.2])}]]’

h, h, c c,
([O 4,0. 5][0 3,0.41)7(10,7,0.81,0.1,0. 2]) ([0.8,0.9],[0,0.1])}’{([0,7,0.8],[0.1,0.2])’([0.6,0.7],[0.1,0.3])}]}

h, h, c c,
(es.e)), [o 7.0, 8] 010, 21) ([0,7,0.8],[0.1,0.2])’([1,1],[0,0])}’{( 0,7,0.81,[0.1,0.21) ([0.6,0.7],[0-1,0-31)}D’

hy h, hy < <
[(e—"“)’[{([0.8,0.8],[0.1,0.1])’([0.6,0.7],[0.1,0.3])’([1,1],[0,0])}’{([0.8,0.8],[0.1,0.1]) (10,7,0.8], 010, 2])}]]}

Proposition 3.17

For two interval-valued intuitionistic fuzzy soft multi sets (F, A) and (G, B) over U, we have the
following

L. ((F, A)A(G, B)) =(F, AY V(G, BY
2. ((F, AV (G, B)) =(F, A A(G, B

Proof. 1. Let (F, A)A(G, B)=(H,AxB), where Yae A and Vbe B,

H(a,b)=ﬂ(F(a),G(b))=H “ ):ue U,}:ie 1}

luH(a,h) (M), VH(HJ,) (M)
Hizay () = [min{/lé(a)(u),,ué(h)(u)} ’ min{/‘lrl(a)(u),ﬂgw)(u)}],

Vi @) =[max {vF . ), v, )}, max{vy,, @).vi, @}

Thus ((F, A)A(G, B))" = (H,AxB)* = (H*,AxB), Where v(a,b)e AxB,
H*(a,b)=(H(a,b)) =

u .
H([mx {vEw e, hmax vl vl min (), (0. b, 0} min {uf ,, @) a8, 1)
ueU}:iiel).

Again, let (F, A v (G, B)' =(F°, A)v (G*, B)=(K,AxB), Where V(a,b)e AXB,
K(a,b)=U(F*(a),G" (b)) =

u .
H (tmax {v f ., ).vé o, o bomax {v?, ).v o, @ min {uf @), ué o, o} omin{ul ), ul,, @)}1)
ue U, }iiel).

Thus it follows that ((F, AA(G, B)) =(F, A* v(G, B+
The other can be proved similarly.

Proposition 3.18 (Associative Laws)

Let (F, A), (G, B) and (H, C) are three interval valued intuitionistic fuzzy soft multi sets over U,
then we have the following properties:

1. (F,A)A((G.B)A(H,C))=((F,A)A(G,B))A(H,C)

15
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2. (F,A)Vv((G.B)v(H,C)=((F,A)v(G,B))v(H,C)

Proof. 1. Assume that (G, B) A (H,C)=(I,BxC), where v (b,c)e BxC, 1(b,c)=G(b)NH(c)

- - uel, riiel
(lul(h,(.)(u),V“h’(_)(M)). e

My iy () = [min {ﬂ(l;(h) (u), :uil;m (”)} > min{:u(l,{(b)(u)’ /IZ(C)(M)}],
Vye @) =[max{v, ).V @} max{vd, @).vy . @}

Since (F,A)A((G.B)A(H,C))=(F,A) A(I,BxC) We suppose that (F, A) A(1,BxC) =(K, Ax(BxC)) Where

V(a,b,c)e Ax(BxC)=AxBxC, K(a,b,c)=F(a)nI(b,c) = u ueU biiel
(Letaso @ V@)

Bt ey @) =[min{ g2t @), g1y, . ()} min{ g2y, ), ()}

=min{pef . o). min {2, ). p1f o)} min{ el o). min{ ). g1l )}
= [min {417, (0). 18y ). phfy 0, 0} min { gl ). 115, ). 12 (D}

Vitwno @ =tmax{vi,, .vi,, @} max{v, (.}, ,@h

=[max{vf, @), max {v&, @).vh ., @} mac{vy, (o.max{ve, @).vh, @}

L L L U U U
=[max{Vy ) ).V, (). V5, @} max{vy, ).v5, @). Ve @]}.

We take (a,b)e AxB. Suppose that (F,A)A(G,B)=(J,AxB) Where v(a,b)e AxB,

J(a.b)=F(a)nG®) = “ ue U tiiel
(ﬂ./(u,b)(u)’v./(a,b)(u))

/uJ(a,b) (14) = [min{,uﬁ(a) (u)nué(b) (u)} ’ rnin{:uf:](a) (u)nulgl(b) (u)}]’
Vitan W= [max{vﬁ(a) (), Vé(b) (”)} ’ maX{VlF/(a) (), ‘/G](b) (”)}]

Since ((F,A)A(G,B))A(H,C)=(J,AxB)A(H,C), We suppose that (7, AxB) A (H,C)=(0,(AxB)xC)
where v(a,b,¢)e (AxB)xC = AxBxC,

O(a,b,c):J(a,b)r\H(c):H “ ):ue U,}:ie 1]

(:u()(a.h,c) (U):V o0y (1)
ooy @) =[min{ s, ). ith. )} min{al,, @), h ., @]
= [min {min{ s}, (). 15, O} 11 o, ()} min {min {el,, ). 1, @)} 4185, 0]
= [min {5, (), 45y (), gy o (0 o min {427 ), 128, 0, g OFT = B0 (00)
and
Votase ) = [maX{VJLm,h) ), Vy, (u)} ,max{vy(ayb) (), Vi, (”)}]

=[max{max{V,, ()., 0} Vi, @} max{max{VE,, ).V, @}.Ve, @}

=[max {Vé(m (W), Vé(h) (W), Vf,(c) (“)} »max {V;}(m (W), Vg(h) (w), VZ(C) (“)}] =Vitano @)

Consequently, K and O are the same operators. Thus
(F,A)A((G.B)A(H,C))=((F,A)A(G,B)) A(H,C).

The proof of (2) is similar to that of (1).
16
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Definition 3.19

The necessity operation on an interval-valued intuitionistic fuzzy multi set (F, A) is denoted by
0(F, A) and is defined as 0(F, A) = OF, A), Where Vae A

UF(a) = - uelU, riiel |
‘ [{(ﬂunz«)(”)’Vuf(a)(”)) ! } l J

Here u ., ()= [,uﬁ(a)(u), ,u;’(a)(u)] is the interval-valued fuzzy membership degree of the object

ue U, holds on parameterae A, v, (u)=[1-u;,, w),1-uz, )] is the interval-valued fuzzy

membership degree of the object € U, does not hold on parameter ac A .

Proposition 3.20

Let (F, A) and (G, B) are two interval-valued intuitionistic fuzzy soft multi sets over U, then we
have the following properties:

0((F,A) O (G, B)) =1(F, A) U (G, B)
U((F,A) A, (G, B)) =UF, A) (G, B)
0((F,A) O (G, B)) =0(F, A) U, (G, B)
O((F,AAg (G,B)) =0(F, A"\ (G,B)
0((F,A)A(G,B)) =[(F,A) NI(G, B)
O((F.A) v (G,B)) =I(F,A) VLG, B)
O(F,A)=0(F, A)

IR A e

Proof. 1. Assume that (F, A) U, (G, B)=(H,C), where C=ANB and Vee C,
H(e)=U(F(e),G(e)) =

u

(tmax {atf o 0) 15 o0} ma {7 o ). o @O} Emin {7 00,V G0} min {07 ).V Go}])

ueU}:iel)
Thus A((F, 4Oy (G, B)) =(H,C) = (UH,C)» where Vee C

H()=| e U, e |
' [{(ﬂH(e)(u)’V o () " }le ]

where [, (1) =[max {,uﬁ(e) (u),,ué(e) (u)} ,max {,ulpj(e) (u),,ug(e) (u)}]
and V., () =[1—max{ s, (), g, @)} 1= max { uf ). 16, )}

Also r(F, 4)=(F, A), where Vee A

u
uelU, riiel
{([ﬂé@(u),ﬂ?(e)(u)],[l—ﬂé’@(u),l— Hi o)) }
and (G, B)=(0G, B) » where Vee B

UF(e)=

1G(e)=| {— . i : uel, |l
(L0 ). 110y GOV = 1) )1 = p15,, (0)])
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Again, let ((F, A) O, 0(G, B) = (F, A) Uy, (0G, B) = (K,C), Where C=ANB and Vee C,

K(e)=U(DF(e),DG(e))=H( - € U,}:ie 1},

u
Mo ()5 Vig (”))

where fy ., (u) = [maX{,ll;(e)(bl),,llé(e) (”)} ’max{ﬂlfj<e>(”)sﬂg(e)(”)}] = Mgy o) (1)
and Vi, ) =[min{l— g, ), 1= g, @}, min{1-pf, @), 1- p1,, )}]
=[1—max {Ill;/((») (W), Mo (u)} ,1—max {,u,ﬁm (), g, (u)}] =Vige @)

Consequently, [I(H,C) and (K ,C ) are the same interval-valued intuitionistic fuzzy soft

multi sets. Thus ((F,A) Oy (G, B)) =(F, A) U, I(G, B) -
The proofs of (2)-(7) are similar to that of (1).

Definition 3.21

The possibility operation on an interval-valued intuitionistic fuzzy multi set (F, A) is denoted by
A(F,A) and is defined as A(F,A) =(AF,A), where Vae A

u
AF(a)= ue U, riiel |
‘ ({(ﬂAF(a)(M),VAF(a)(M)) * } l ]

Here v, (u)= [Vi‘ﬂa)(u),VZF(a)(u)] is the interval-valued fuzzy membership degree of the object

u€ U, does not hold on parameter a€ A, fy, (1) = [I_VZF(@(”)’I_VALF@(”)] is the interval-
valued fuzzy membership degree of the object u € U, holds on parameter a€ A .
Proposition 3.22

Let (F, A) and (G, B) are two interval-valued intuitionistic fuzzy soft multi sets over U, then we
have the following properties:

A((F,4)Og (G,B)) = A(F,A) Uy AG, B)

A((F,A) "y (G,B)) = A(F,A) " A(G,B)

A((F,A) 0 (G, B)) =A(F,A) U, AG, B)

A((F,A A (G,B))=A(F,A) A" A(G,B)

A((F,A)A(G,B))=A(F,A) AA(G, B)

A((F, A)v (G,B)) =A(F,A)vA(G,B)

AA(F, A) = A(F, A)

NS R LD =

Proof. 1. Assume that (F, A) Uy (G,B)=(H,C), where C=ANB and Vee C,
H(e)=U(F(e),G(e)) =

u

(tmax {atf o 0) 1 o0} max {7 ). o @O} Emin {7 00,V G0} min {07 ).V @0}

ueU}:iel)
Thus A((F,4) 0y (G,B)) = A(H,C) = (AH,C) » where Vee C

AH () = ! el el |,
’ H(ﬂmm(”)’vm(s)(”)) ’ }l J

18
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where fly, () =[1=min{v},, ).V, @} 1-min{vy, @)V, @}
and V@) =[min{vr @).v5, @} mn{vy, @.ve., @}

AlSO A(F, A) = (AF, A), where Vee A

AF(e) = “ ue U, piiel
’ H([l—v?m<u>,1—v;(e)(u)],[v;e)(u),v;’(e)(u)]) ’ } ’ ]

and A(G,B)=(AG,B), Where Vee B

- uelU, riiel
(1=vo ., 1=V LIV @).Ve., @) ’
Again, let A(F,4) U, AG, B) = (AF,A) Uy (AG, B) =(K,C), Where C=ANB and Vee C,

AG(e) = {

K(e)=U(AF(e),AG(e))=H( - ):ue U,}:ie 1},

,UK(g)(M)s VK(e) (I/l)
where iy, (u)=[max{1-v{ ),1-v{, @)}, max{1-v} @),1-v{, @]]
=[1=min {4, (), fg, )} 1= min{ gtz @), 160 1= Py ()

and Vy, (u)=[min {V;(e) ).V, (u)} ,min {Vg(e) ).V, (u)}] =V e W)

Consequently, A(H,C) and (K,C) are the same interval-valued intuitionistic fuzzy soft
multi sets. Thus A((F,A) Oy (G, B)) = A(F,A) Uy, A(G, B) -
The proofs of (2)-(7) are similar to that of (1).

Proposition 3.23

Let (F, A) be any interval-valued intuitionistic fuzzy soft multi set over U, then we have the
following properties:

LoarEmerEnear.

2. AL(F,A)=0(F, A)

3. OA(F,A)=A(F,A)

Proof. Assume that (F, A) be any interval-valued intuitionistic fuzzy soft multi set over U, such
that Vee A,

u
F(e)= el piiel
{([ﬂ[l;(e) (M)’ﬂg(@ (u)]’[V;(e)(u)’vg(e)(u)]) }
Then, [(F,A)=(0F,A), Where Vee A

UF(e)= 7 7 - ; 7 uel, riiel
(Lah oy o) ptl oy GOV L= p2 ) () 1= gt ()])

and A(F,A)=(AF,A), where Vee A

AF(e) = . — . ueU tiiel |,
([1=V{ e @, 1=V} LIVE, @), V7, @)])
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U

: U
1. Since up,,(w)+vy,,,

(u) <1, implies that 1— 4z, (u) 2 vy, ().

Hence 1—;1;’(8) ) 2Vvy,, w)2vg, (1) and 1—,115(8) () 21— py, (u) > V;/(e) (u). Thus
U(F,A) E(F,A).

Again since gy, (u)+Vy,,(u)<1, implies that 1—Vg(g)(u) 2 ,ug(g)(u). Hence
1=vy, ) 2wy, () 2wy, (1) and 1=V, @) 2 1=V () 2 g1y, (w). Thus
(F,A) S A(F,A).

Consequently, [(F,A) & (F,A) & A(F, A).

2. We have, [(F,A)=(0F,A), where Vee A

u

u
([IUII;((') (u)’ ﬂf’l(e) (u)]a [1 _ﬂ;{(e) (u)’ 1 _ﬂle(e) (u)])
Therefore, ALI(F, A) = (ADF, A), where Vee A

AUF(e) = . = . : tueU, priel
(0= (= p o @)1= (A= g2 @) 1= g2y, ). 1=, ()

UF(e)= el r:iiel

1

- u cueU, \iie I |=0F(e)
([ﬂ;m(”)’ﬂgm(”)]’[l_ﬂg@)(”)’l_ﬂ;m(u)])' an

Consequently, AT(F,4)=(F, A)

The proof of (3) is similar to that of (2).

3.CONCLUSIONS

In this study, we define some operations in interval-valued intuitionistic fuzzy soft multi set
theory and show that the associative, distribution and De Morgan’s type of results hold in
interval-valued intuitionistic fuzzy soft multi set theory for the newly defined operations in our
way. Also, we define the necessity and possibility operations on interval-valued intuitionistic
fuzzy soft multi set theory and study their basic properties and some results.
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